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It is well known that Green’s function is the key for both theo-
retical and numerical approaches to solution of linear elasticity
problems. In fact, Green’s function is very essential for various
numerical methods based on the integral-equation formulation
such as the well-known boundary-element method. Following Kel-
vin (Love, 1927), the Green’s function problem of an isotropic half-
space was investigated by many researchers such as Boussinesq
(1885), Cerruti (1888), and Mindlin (1936).
Nowadays anisotropic materials are of major concern because
of their high performance in technological applications. Most inno-
vative, smart, and intelligent materials such as composites, piezo-
magnetics, and piezoelectrics are anisotropic. Moreover, the
anisotropy effects are also important in the ﬁeld of geotechnical
engineering, since the fabric of many natural soils and rocks dis-
play anisotropic behavior. In practical applications, anisotropic sol-
ids are often transversely isotropic or orthotropic materials. Pan
and Chou (1976, 1979) derived the static point load Green’s func-
tions for both transversely isotropic full-space and half-space.
Functionally graded materials (FGMs) having the desired varia-
tion of material properties in spatial directions are widely used in
different applications such as aerospace and automobile industries.
Furthermore, assuming constant depth-proﬁle properties for soil
deposits and some types of rocks may be a rather poor approxima-ll rights reserved.
ivil Engineering, School of
gy, International Branch, Kish
21 66164209; fax: +98 21tion to the real conditions since soil properties usually varies with
depth due to the effects of deposition, overburden, and the conﬁn-
ing pressure. Therefore, employing FGM models is also important
in the geomechanics. The exponential variation assumption for
FGMs is widely used in the engineering literature, see, for instance,
the list of references provided by Martin et al. (2002).
Many researchers considered the problem of elastic response of
inhomogeneous isotropic solids under different loading conditions
and different variations of material properties like linear, qua-
dratic, and exponential variations among others. Some efforts have
also been made toward modeling functionally graded anisotropic
media, but they are very limited. Wang et al. (2003) performed a
comprehensive review of the literature and summarized the exist-
ing contributions corresponding to the analytical and numerical
solutions for both inhomogeneous isotropic and anisotropic media.
Recently, by virtue of Fourier transforms, Martin et al. (2002)
presented a general analytical technique for obtaining Green’s
function of three dimensional exponentially graded elastic isotro-
pic solids. Their solution is composed of two parts, a Kelvin solu-
tion corresponding to the well-known Green’s function of elastic
isotropic solids and a nonsingular grading term. After some modi-
ﬁcations, Chan et al. (2004) and Sallah et al. (in press) employed
this technique to obtain the Green’s functions for two-dimensional
and three-dimensional exponentially graded elastic isotropic sol-
ids, respectively.
Wang et al. (2003) considered an exponentially graded trans-
versely isotropic half-space subjected to a buried vertical point
load. They also studied the problem of an exponentially graded
transversely isotropic half-space subjected to an axisymmetric
buried patch load (Wang et al., 2006). But, their analysis contains
a few fundamental ﬂaws which raise some concerns about their
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solution does not satisfy the governing differential equations of
the problem.
By virtue of the propagator matrix method, Pan and Han (2005)
presented the Green’s functions for an exponentially graded trans-
versely isotropic piezoelectric multilayered half-space. The corre-
sponding expression is not explicit, and thus its utilization for
computational purposes is inconvenient.
In this paper the Green’s function of an exponentially graded
transversely isotropic half-space is addressed. With the aid of dis-
placement potential functions and Hankel transform the governing
partial differential equations are written as a system of ordinary
differential equations. In order to facilitate the imposition of gen-
eral boundary conditions a set of transformed displacement–po-
tential and stress–potential relationships are deﬁned. Four
limiting cases for the surface loading, axisymmetric vertical load-
ing, exponentially graded isotropic half-space, and homogeneous
transversely isotropic half-space are also presented and used for
veriﬁcation. For an accurate evaluation of Green’s function a spe-
cial and robust technique is undertaken. It is shown that the solu-
tion can be decomposed to a closed-form part pertinent to the
Green’s function of a homogeneous transversely isotropic half-
space and a numerically evaluated grading term with strong
decaying integrands. This form of representation is very efﬁcient
for boundary-element formulations since the numerically evalu-
ated part is not responsible for the singularity. Some numerical
examples are also included to elucidate the robustness of the pre-
sented method.
2. Governing equations in displacement potentials
The governing equilibrium equations for a vertically heteroge-
neous transversely isotropic elastic solid which its material proper-
ties vary exponentially along the axis of symmetry of the solid, in
terms of displacements and in the absence of body forces can be
expressed as (Wang et al., 2003)
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in a cylindrical coordinate system ðr; h; zÞ, where z-axis is the axis of
symmetry of the solid; ur; uh, and uz are the displacement compo-
nents in the r, h, and z directions, respectively; Cij are elasticity con-
stants of the solid with C66 ¼ ðC11  C12Þ=2; and b is the exponential
factor characterizing the degree of material gradient in the z-direc-
tion. Here, it is assumed that the elastic constants of the medium
vary exponentially in the z-direction as
cijðzÞ ¼ Cije2bz; ð2Þ
where Cij indicates the z-independent elastic constant corre-
sponding to the depth z ¼ 0. It is obvious that b ¼ 0 corresponds
to the homogeneous transversely isotropic half-space. In order tosolve the coupled partial differential equation (1) a set of com-
plete potential functions introduced by Buchwald (1961) is used.
These potential functions are related to displacement components
as
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Substituting (3) into (1) with a lengthy calculation yields the
following governing partial differential equations for the potential
functions /;v, and w
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and
a1 ¼ C11C44 ; a2 ¼
C66
C44
; a3 ¼ C13 þ C44C44 ; a4 ¼
C33
C44
:
By virtue of Fourier expansion with respect to the angular coor-
dinate h, one may express (Sneddon, 1951)
½/ðr; h; zÞ;vðr; h; zÞ;wðr; h; zÞ ¼
X1
m¼1
½/mðr; zÞ;vmðr; zÞ;wmðr; zÞeimh;
ð7Þ
with similar expressions for the displacement and stress compo-
nents. Moreover, utilizing the mth order Hankel transform pair for
sufﬁciently regular function f(r,z) with respect to the radial coordi-
nate as (Sneddon, 1972)
~f mðn; zÞ ¼
Z 1
0
f ðr; zÞrJmðrnÞdr;
f ðr; zÞ ¼
Z 1
0
~f mðn; zÞnJmðrnÞdn; ð8Þ
in which n is the transform parameter and Jm is themth order Bessel
function of the ﬁrst kind, the following ordinary differential equa-
tions are obtained
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The general solutions of Eqs. (9)–(11) can be written as
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li ¼ 2b a3ðb kiÞ; #i ¼ k2i  b2  a1n2; i ¼ 1;2;
and Aj and Bj ðj ¼ 1; . . . ;3Þ are constants of integration to be deter-
mined from boundary conditions. Here s0 ¼ 1= ﬃﬃﬃﬃﬃa2p ; s1 and s2 are the
roots of the following equation with positive real parts
a4s4 þ ða23  a1a4  1Þs2 þ a1 ¼ 0: ð15Þ
It should be mentioned that in view of the positive-deﬁniteness of
the strain energy, s1 and s2 are neither zero nor pure imaginary
numbers (Lekhnitskii, 1963). The values of k1, k2, and k3 are selected
such that ReðkjÞP jbj.
By means of Eq. (3) and the identities involving Hankel trans-
forms, the transformed displacement–potential relations may be
expressed compactly as
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while the transformed stress–potential relationships can be written
as
~smzzm ¼ C13n2~/mm þ C33
d2~vmm
dz2
 !
e2bz;
~smþ1zrm þ i~smþ1zhm ¼ C44n
d~/mm
dz
þ d~v
m
m
dz
 i d
~wmm
dz
 !
e2bz;
~sm1zrm  i~sm1zhm ¼ C44n
d~/mm
dz
þ d~v
m
m
dz
þ i d
~wmm
dz
 !
e2bz;
~smrrm þ 2C66e2bz
gurm
r
þ imuhm
r
	 

m ¼ C11n2~/mm þ C13
d2~vmm
dz2
 !
e2bz;ð17Þ
~smhhm  2C66e2bz
gurm
r
þ imuhm
r
	 

m ¼ C12n2~/mm þ C13
d2~vmm
dz2
 !
e2bz;
~smrhm þ 2C66e2bz
guhm
r
 imurm
r
	 

m ¼ C66n2~wmme2bz:3. Problem statement
Consider a nonhomogeneous transversely isotropic elastic half-
space with exponential variation of elastic moduli along its axis of
symmetry. A cylindrical coordinate system is set at the surface in
such a way that z-axis is normal to the horizontal surface and it
is the axis of symmetry of the medium (see Fig. 1). Applying an
arbitrary force ﬁeld on a sub-domain Ps which is located at depth
z ¼ s, the pertinent traction boundary conditions may be written asszrðr; h; sÞ  szrðr; h; sþÞ ¼
Pðr; hÞ; ðr; hÞ 2 Ps
0; ðr; hÞ R Ps

szhðr; h; sÞ  szhðr; h; sþÞ ¼
Qðr; hÞ; ðr; hÞ 2 Ps
0; ðr; hÞ R Ps

ð18Þ
szzðr; h; sÞ  szzðr; h; sþÞ ¼
Rðr; hÞ; ðr; hÞ 2 Ps
0; ðr; hÞ R Ps

where Pðr; hÞ;Qðr; hÞ, and Rðr; hÞ are the speciﬁed body-force distri-
butions in radial, angular, and axial directions, respectively. It is
convenient to view the half-space as two separate regions; the re-
gion above the loading plane referred to as region I ð0 < z < sÞ;
and region II ðz > sÞwhich includes the lower part of the half-space.
By imposing the regularity conditions at inﬁnity, the general solu-
tions (12)–(14) for the transformed potential functions can be rear-
ranged as
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in region II. In the above, AIjm ;B
I
jm
, and AIIjm ðj ¼ 1; . . . ;3) are the inte-
gration constants to be determined using the boundary conditions.
Therefore, for the general exponentially graded half-space problem
of interest, an exact solution requires the determination of nine
coefﬁcients. The boundary conditions (18), the traction free condi-
tions at the surface, and the continuity of displacements across
the loading plane z ¼ s in conjunction with (16) and (17) provide
nine equations which can be used to determine nine unknown coef-
ﬁcients AImj ;B
I
mj
, and AIImj ðj ¼ 1; . . . ;3Þ. Substituting the obtained re-
sults into (16) leads to the following compact form of the
transformed Fourier components of the displacement ﬁeld
~um1rm  i~um1hm ¼ ebðzþsÞ c1ðz;s;nÞ
XmYm
2C44
 
þc2ðz;s;nÞ
XmþYm
2C44
 
þc3ðz;s;nÞ
Zm
C44
 
;
~umþ1rm þ i~umþ1hm ¼ ebðzþsÞ c1ðz;s;nÞ
XmYm
2C44
 
þc2ðz;s;nÞ
XmþYm
2C44
 
c3ðz;s;nÞ
Zm
C44
 
;
ð25Þ
~umzm ¼ ebðzþsÞ X1ðz;s;nÞ
XmYm
2C44
 
þX2ðz;s;nÞ ZmC44
  
;
where
Xm ¼ ePm1m ðnÞ ieQm1m ðnÞ; Ym ¼ ePmþ1m ðnÞþ i eQmþ1m ðnÞ; Zm ¼ eRmmðnÞ;
and the kernel functions c1; c2; c3;X1, and X2 are given in Appendix
A.
Analogously, employing (17) the transformed Fourier compo-
nents of the stress ﬁeld can be written as
Fig. 1. Exponentially graded transversely isotropic half-space under an arbitrary ﬁnite buried load.
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On substitution of the Hankel inverted Fourier components of
the displacements and stresses into the corresponding angular
eigenfunction expansion, the desired formal solution to the general
buried-source problem under consideration can be obtained.
4. Green’s functions
In the preceding sections, the general solution has been formu-
lated for an arbitrary source distributed on the plane z ¼ s. To ob-
tain the Green’s functions, which are useful for integral
formulations of boundary-value problems, one may decompose
the body force ﬁeld as
fhðr; h; zÞ ¼Fh dðrÞ2pr dðz sÞeh;
fvðr; h; zÞ ¼Fv dðrÞ2pr dðz sÞez;
ð27Þin the horizontal and vertical directions, respectively. Where d is the
one-dimensional Dirac delta function; eh is the unit horizontal vec-
tor in the h ¼ h0 direction given byeh ¼ er cosðh h0Þ  eh sinðh h0Þ; ð28Þ(see also Fig. 2); er; eh, and ez are the unit vectors in the radial, angu-
lar, and vertical directions, respectively; and Fh and Fv are the
load magnitudes. By virtue of the angular expansions of the stress
discontinuities across the plane z ¼ s and the orthogonality of the
angular eigenfunctions feimhg1m¼1, one ﬁndsFig. 2. Vertical and horizontal point-load conﬁguration.
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for the point loads in (27). Subsequently, the transformed loading
coefﬁcients Xm;Ym and Zm can be expressed as
X1 ¼ Fh2p eih0 ; Xm ¼ 0; m – 1;
Y1 ¼ Fh2p eih0 ; Ym ¼ 0; m –  1;
Z0 ¼ Fv2p ; Zm ¼ 0; m – 0:
ð30Þ
Upon inverting the transformed expressions (25), the Green’s func-
tions may be written as
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:
In the above, the symbol ‘‘u^i ” ði ¼ r; h; zÞ denotes the displacement
Green’s functions. The superscript ‘‘” is pertinent to the orientation
of the applied point load. The corresponding stress Green’s func-
tions are provided in Appendix B.5. Special cases
This section is devoted to the special cases of the current theory.
In Section 5.1, the formulation for the case of surface loading is ob-
tained. The correct solutions for the axisymmetric problems of
point load and vertical patch loading which were previously con-
sidered by Wang et al. (2003, 2006) will be given in Section 5.2.
In Section 5.3, exponentially graded isotropic half-space is consid-
ered. Finally, in Section 5.4 it is shown that the exact closed-form
solution to homogeneous transversely isotropic half-space pre-
sented by Pan and Chou (1979) can be generated from the current
theory.
5.1. Surface loading
For surface loading (s = 0), the kernel functions c1; c2; c3;X1, and
X2 are simpliﬁed as
c1ðz; s; nÞ ¼
1
I
ðlþ1 mþ2 ek1z  lþ2 mþ1 ek2zÞ;
c2ðz; s; nÞ ¼
ek3z
bþ k3 ;
c3ðz; s; nÞ ¼
n
I
ðlþ1gþ2 ek1z  lþ2 gþ1 ek2zÞ;
X1ðz; s; nÞ ¼ 1nI ð#1m
þ
2 e
k1z  #2mþ1 ek2zÞ;
X2ðz; s; nÞ ¼ 1I ð#1g
þ
2 e
k1z  #2gþ1 ek2zÞ:
ð32Þ5.2. Axisymmetric vertical loading
For axisymmetric vertical loading it is noted that, in the expres-
sions (25) and (26) for the transformed displacement and stress
ﬁelds, Xm and Ym are equal to zero, and so c3 and X2 become the
only contributing kernels. Subsequently,urðr; h; z; sÞ ¼ Pe
bðzþsÞ
2pC44
Z 1
0
c3nJ1ðrnÞdn;
uhðr; h; z; sÞ ¼ 0;
uzðr; h; z; sÞ ¼ Pe
bðzþsÞ
2pC44
Z 1
0
X2nJ0ðrnÞdn;
ð33Þfor the vertical point load P; and
urðr; h; z; sÞ ¼ p0ae
bðzþsÞ
C44
Z 1
0
c3J1ðrnÞJ1ðanÞdn;
uhðr; h; z; sÞ ¼ 0;
uzðr; h; z; sÞ ¼ p0ae
bðzþsÞ
C44
Z 1
0
X2J0ðrnÞJ1ðanÞdn;
ð34Þ
for the uniformly distributed vertical patch load p0 over a circular
region of radius a.5.3. Exponentially graded isotropic half-space
The Green’s functions for an exponentially graded isotropic
half-space can be obtained by setting c11 ¼ c33 ¼ kþ 2l; c12 ¼
c13 ¼ k, and c44 ¼ c66 ¼ l where k and l are the Lame’s constants.
Substituting these elastic constants into (15) one can ﬁnd
si ¼ 1 ði ¼ 0;1;2Þ, which subsequently yieldsk1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ n2 þ 2inb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m
1 m
rs
;
k2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ n2  2inb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m
1 m
rs
;
k3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ n2
q
;where m is the Poisson’s ratio. Employing these relations one can
ﬁnd the kernel functions c1; c2; c3;X1, and X2 as well as the Green’s
functions corresponding to an exponentially graded isotropic half-
space. It is worth noting that for the homogeneous isotropic half-
space, i.e. b ¼ 0, the present solution can be reduced to the results
of Mindlin (1936). To this end, following relations are utilized for
evaluating the integrals involved (Erdelyi, 1954)
Z 1
0
exnnlJnðrnÞdn ¼
ð1Þl
rn
@l
@xl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2þx2
p
x
 nﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2þx2
p
 
; r > 0
dn0l!xðlþ1Þ; r ¼ 0
8><>: ð35Þ
where l ¼ 0;1; n ¼ 0;1;2; n > ðlþ 1Þ; and dn0 is the Kronecker
delta.5.4. Homogeneous transversely isotropic half-space
For the case of a homogeneous transversely isotropic half-space
ðb ¼ 0Þ, for which the closed-form solutions are available, the fol-
lowing relations are valid
k1 ¼ s1n; k2 ¼ s2n; k3 ¼ s0n: ð36Þ
Therefore, one can write the kernel functions pertinent to a homo-
geneous transversely isotropic half-space as
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s1s2
2a1nðs21 s22Þ
s2.1e
s1njzsj  s1.2es2njzsj

þ s1þ s2
s1 s2 ½s2.1e
s1nðzþsÞ þ s1.2es2nðzþsÞ
 2s1s2
s1 s2
.2ða3.1Þ
ða3.2Þ
enðs1zþs2sÞ þ.1ða3.2Þða3.1Þ
enðs2zþs1sÞ
 
;
ch2ðz;s;nÞ¼
1
2s0n
½es0njzsj þes0nðzþsÞ;
ch3ðz;s;nÞ¼
a3
2a4nðs21 s22Þ
sgnðz sÞ½es1njzsj es2njzsj
 s1þ s2
s1 s2 ½e
s1nðzþsÞ þes2nðzþsÞ
þ 2
s1 s2 s2
ða3.1Þ
ða3.2Þ
enðs1zþs2sÞ þ s1 ða3.2Þða3.1Þ
enðs2zþs1sÞ
 
;
ð37Þ
Xh1ðz;s;nÞ¼
.1.2
2a3a4nðs21 s22Þ
sgnðz sÞ½es1njzsj es2njzsj
þ s1þ s2
s1 s2 ½e
s1nðzþsÞ þes2nðzþsÞ
 2
s1 s2 s1
.2ða3.1Þ
.1ða3.2Þ
enðs1zþs2sÞ þ s2.1ða3.2Þ.2ða3.1Þ
enðs2zþs1sÞ
 
;
Xh2ðz;s;nÞ¼
1
2a4ðs21 s22Þn
s1.2e
s1njzsj  s2.1es2njzsj

 s1þ s2
s1 s2 ½s1.2e
s1nðzþsÞ þ s2.1es2nðzþsÞ
þ 2s1s2
s1 s2 .2
ða3.1Þ
ða3.2Þ
enðs1zþs2sÞ þ.1
ða3.2Þ
ða3.1Þ
enðs2zþs1sÞ
 
;
where .i ¼ 1 a4s2i , and the superscript ‘‘h” denotes the kernel
function corresponding to the homogeneous medium. Substituting
these kernel functions into (31) and employing (35), the results pre-
sented by Pan and Chou (1979) for the Green’s functions of a semi-
inﬁnite transversely isotropic solid are generated exactly. However,
the paper of Pan and Chou contains a typographical error in the
expression for Rji. Namely, in expression R

ji
2 ¼ q2 þ Z2ji;Rji2 must
be replaced by R2ji.
6. Computational foundation
In the previous section, the Green’s functions were presented in
terms of one-dimensional semi-inﬁnite integrals. Owing to the
complex form of the integrands, to the best of the authors knowl-
edge the analytical integration is not possible. Moreover, the oscil-
latory and weak decay of the integrands pose some difﬁculties for
their numerical evaluations. On the other hand, since these singu-
lar Green’s functions are the major keys in boundary-element for-
mulations, one must be able to compute them accurately. Here, the
method of asymptotic decomposition is employed for this purpose.
In this method the leading terms in the asymptotic expansions of
the integrands are extracted and integrated analytically, and the
remaining parts with strong decaying behavior can be evaluated
numerically. Mathematically, one may write
u^i ¼ ½u^i A þ ½u^i N ð38Þ
where the subscripts ‘‘A” and ‘‘N” denote the analytically- and
numerically evaluated parts of the Green’s functions, respectively.
For instance,
½u^z A ¼
ebðzþsÞ
2pC44
Fv
Z 1
0
Xa2nJ0ðrnÞdnþFh cosðh h0Þ
Z 1
0
Xa1nJ1ðrnÞdn
 
;
½u^z N ¼
ebðzþsÞ
2pC44
Fv
Z 1
0
ðX2Xa2ÞnJ0ðrnÞdn

þFh cosðh h0Þ
Z 1
0
ðX1Xa1ÞnJ1ðrnÞdn

;where
Xai ðn; z; sÞ ¼ Asym
n!1
fXiðn; z; sÞg; i ¼ 1;2;
is the leading term in the asymptotic expansions of the kernel func-
tions X1 and X2 as n!1. As an interesting result, it is observed
that the leading terms are identical to the kernel functions of a
homogeneous solid, i.e.
Xai ðn; z; sÞ ¼ Xhi ðn; z; sÞ; i ¼ 1;2;
caj ðn; z; sÞ ¼ chj ðn; z; sÞ; j ¼ 1;2;3:
In other words, one can rewrite (38) as
u^i ¼ ebðzþsÞf½u^i h þ ½u^i gg ð39Þ
where ‘‘½u^i h” ði ¼ r; h; zÞ are the available closed-form Green’s func-
tions for a homogeneous transversely isotropic half-space Pan and
Chou (1979); and the numerically evaluated grading terms ‘‘½u^i g”
are
½u^r gðr;h;z;sÞ ¼
1
4pC44
2Fv
Z 1
0
ðc3 ch3ÞnJ1ðrnÞdnFh cosðh h0Þ


Z 1
0
ðc1þ c2 ch1 ch2ÞnJ0ðrnÞdn


Z 1
0
ðc1 c2 ch1þ ch2ÞnJ2ðrnÞdn

;
½u^hgðr;h;z;sÞ ¼
1
4pC44
Fh sinðh h0Þ
Z 1
0
ðc1þ c2 ch1 ch2ÞnJ0ðrnÞdn

þ
Z 1
0
ðc1 c2 ch1þ ch2ÞnJ2ðrnÞdn

; ð40Þ
½u^zgðr;h;z;sÞ ¼
1
2pC44
Fv
Z 1
0
ðX2Xh2ÞnJ0ðrnÞdn

þFh cosðh h0Þ
Z 1
0
ðX1Xh1ÞnJ1ðrnÞdn

:
It should be noted that Martin et al. (2002) employed Fourier trans-
form technique to the Green’s function problem corresponding to
exponentially graded elastic isotropic inﬁnite body and reported a
relation similar to Eq. (39). It is worth noting that the grading terms
are not responsible for the singular behavior of Green’s functions
and the singularity only exists in the closed-form terms. Therefore,
the numerical evaluation of grading terms can be performed easily
with a good precision.
Now, the robustness of the presented approach is elucidated by
some numerical examples. Consider an exponentially graded half-
space made of transversely isotropic material such as Beryl rock
with surface elastic constants of C11 ¼ 41:3 GPa; C12 ¼ 14:7 GPa;
C13 ¼ 10:1 GPa; C33 ¼ 36:2 GPa; and C44 ¼ 10:0 GPa. It should be
noted that problems associated with negative values of the expo-
nential factor ðb < 0Þ are not well posed and have no physical
meaning.
In order to have a better sense of the oscillatory and weak
decaying behavior of the integrands involved in the displacement
Green’s functions, the integrand corresponding to u^rzðs; h; 0:9s; sÞ
due to a buried unit point load in the r-direction at the depth
z ¼ s is delineated in Fig. 3. It is observed that for large values of
Hankel transform parameter n the integrand corresponding to
the homogeneous half-space approaches to the integrand of non-
homogeneous one. In fact this is the basic idea for utilizing the
asymptotic decomposition method for the numerical evaluation
of grading terms. As it is observed from this ﬁgure, employment
of the asymptotic decomposition method leads to the strongly
decaying integrand which can be integrated very accurately.
Fig. 4 shows the displacement Green’s function u^rrð0; h; z; sÞ due
to a buried unit point load in the r-direction for different values of
the exponential factor b. The singular nature of the Green’s func-
tion at the material point under the action of the unit point load
Fig. 3. The integrand corresponding to the displacement Green’s function u^rzðs; h; 0:9s; sÞ for bs ¼ 0:5.
Fig. 4. Green’s function u^rrð0; h; z; sÞ along z-axis.
Fig. 5. The homogeneous and grading terms of Green’s function u^rrð0; h; z; sÞ for bs ¼ 0:5.
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Fig. 6. Vertical displacement uzð0; h; z;2aÞ due to a buried patch load of unit resultant and radius a applied at s ¼ 2a.
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tion u^rr , according to Eq. (39), into the homogeneous Green’s func-
tion ½u^rr h, and the grading term ½u^rr g is depicted in Fig. 5 for
bs ¼ 0:5. It is evident that the numerically evaluated grading term
is not responsible for the existing singularity.
The vertical displacement uzð0; h; z; sÞ of the considered half-
space subjected to an axisymmetric buried uniform vertical load
distributed over a circular area of radius a with unit resultant at
the depth of s ¼ 2a is also depicted in Fig. 6.7. Conclusion
In this paper, the Green’s functions of an exponentially graded
transversely isotropic half-space are obtained analytically. The
solutions of several limiting cases including surface loading, and
axisymmetric vertical loading as well as exponentially graded iso-
tropic half-space, and homogeneous transversely isotropic med-
ium are presented. Employing the asymptotic expansion
technique, it is shown that the solution can be decomposed to a
closed-form expression for the Green’s function pertinent to the
homogeneous transversely isotropic half-space and a numerically
evaluated grading term with strong decaying integrands. The ob-
tained Green’s functions are very efﬁcient and useful for bound-
ary-element formulations since the numerically evaluated part
does not contain any singularity. Furthermore, the presented
Green’s functions may be used to solve various mixed-boundary-
value problems associated with exponentially graded transversely
isotropic half-spaces.Appendix A. Kernel functions
c1ðz;s;nÞ ¼
lþ1l
þ
2
2ð#2lþ1l1 #1lþ2l2 Þ
#2l1
k1lþ2
ek1 jzsj #1l

2
k2lþ1
ek2 jzsj

þ1
I
i1
#2lþ1
k1lþ2
ek1ðzþsÞ  i2 #1l
þ
2
k2lþ1
ek2ðzþsÞ

þj2 #1k2 e
ðk1zþk2sÞ þj1 #2k1 e
ðk2zþk1sÞ

;
c2ðz;s;nÞ ¼
1
2k3
ek3 jzsj  b k3
bþ k3
 
ek3ðzþsÞ
 
;c3ðz;s;nÞ ¼
n
2a4ðk21 k22Þ
Hðz sÞðl1 lþ1 Þl1
k1
ek1 jzsj

Hðz sÞðl

2 lþ2 Þl2
k2
ek2 jzsj
þ1
I
lþ1
i1
k1
ek1ðzþsÞ lþ2
i2
k2
ek2ðzþsÞ

þlþ1
j2
k2
eðk1zþk2sÞ þlþ2
j1
k1
eðk2zþk1sÞ

;
X1ðz;s;nÞ ¼ #1#22nð#2lþ1l1 #1lþ2l2 Þ
Hðz sÞðlþ1 l1 Þlþ1
k1
ek1 jzsj

Hðz sÞðl
þ
2 l2 Þlþ2
k2
ek2 jzsj
1
I
lþ1
i1
k1
ek1ðzþsÞ lþ2
i2
k2
ek2ðzþsÞ

þj2 #1l
þ
2
#2k2
eðk1zþk2sÞ þj1 #2l
þ
1
#1k1
eðk2zþk1sÞ

;
X2ðz;s;nÞ ¼ 1
2a4ðk21 k22Þ
#1
k1
ek1 jzsj #2
k2
ek2 jzsj

þ1
I
i1
#1
k1
ek1ðzþsÞ  i2 #2k2 e
k2ðzþsÞ

þj2 #1k2 e
ðk1zþk2sÞ þj1 #2k1 e
ðk2zþk1sÞ

;
wheregi ¼ li ðb kiÞ þ #i;
mi ¼ a4ðb kiÞ#i þ ð1 a3Þn2li ; ji ¼ gþi mi  gi mþi ;
i1 ¼ g1 mþ2  gþ2 m1 ; i2 ¼ gþ1 m2  g2 mþ1 ; I ¼ gþ2 mþ1  gþ1 mþ2 ð41ÞAppendix B. Stress Green’s functions
s^zzðr;h;z;sÞ ¼
ebðzsÞ
2pC44
Fv
Z 1
0
C33
dX2
dz
C13nc3
 
nJ0ðrnÞdn

þFh cosðh h0Þ
Z 1
0
C33
dX1
dz
C13nc1
 
nJ1ðrnÞdn

;
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ebðzsÞ
4p
2Fv
Z 1
0
nX2þdc3dz
 
nJ1ðrnÞdnFh cosðh h0Þ


Z 1
0
nX1þdc1dz þ
dc2
dz
 
nJ0ðrnÞdn


Z 1
0
nX1þdc1dz 
dc2
dz
 
nJ2ðrnÞdn

;
s^zhðr;h;z;sÞ ¼
ebðzsÞ
4p Fh sinðh h0Þ
Z 1
0
nX1þdc1dz þ
dc2
dz
 
nJ0ðrnÞdn

þ
Z 1
0
nX1þdc1dz 
dc2
dz
 
nJ2ðrnÞdn

;
s^rrðr;h;z;sÞþ
2C66
r
e2bzfu^r þ iðu^h1eih u^h1eihÞg ¼
ebðzsÞ
2pC44
 Fv
Z 1
0
C13
dX2
dz
C11nc3
 
nJ0ðrnÞdn

þFh cosðh h0Þ
Z 1
0
C13
dX1
dz
C11nc1
 
nJ1ðrnÞdn

;
s^hhðr;h;z;sÞ
2C66
r
e2bzfu^r þ iðu^h1eih u^h1eihÞg ¼
ebðzsÞ
2pC44
 Fv
Z 1
0
C13
dX2
dz
C12nc3
 
nJ0ðrnÞdn

þFh cosðh h0Þ
Z 1
0
C13
dX1
dz
C12nc1
 
nJ1ðrnÞdn

;
s^rhðr;h;z;sÞþ
2C66
r
e2bzfu^h iðu^r1eih u^r1eihÞg ¼
ebðzsÞ
2pa2
 Fh sinðh h0Þ
Z 1
0
c2n
2J1ðrnÞdn
 
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